Abstract In this paper, we prove that a block algebra with defect group Z 2 n × Z 2 n × Z 2 m , where n ≥ 2 and m is arbitrary, is Morita equivalent to its Brauer correspondent.
where b runs over the set of blocks of G. Denote by Irr(G) and Irr(G, b) the set of irreducible ordinary characters of the group G and the set of irreducible ordinary characters in a block b of G. It is known that Irr(G) and Irr(G, b) are bases of CF(G, K) and CF(G, b, K) and that the orthogonality relationship of characters determines the inner products on CF(G, K) and CF(G, b, K). We denote by CF p ′ (G, O) the O-submodule of all O-valued class functions on G vanishing on all p-singular elements of G, and by CF p ′ (G, e, O) the intersection of CF p ′ (G, O) and CF(G, e, K). by the equality Lemma 2.6. Keep the notation and the assumption of 2.5 and assume that P is abelian and that the map I K ν : CF(G ′ , b ′ , K) → CF(G, b, K) is compatible with a local system {I T } {T (cyclic)⊂P } . Then we have I K ν = x∈J e (x, f x ) G
•
, where x is the cyclic subgroup generated by x and J is a set of representatives of orbits of the conjugation action of N G (P, f ) on P .
Proof. Obviously {(x, f x )|x ∈ J} is a set of representatives of orbits of the action of N G (P, f ) on the set of b-Brauer elements contained in (P, f ), and since P is abelian, {(x, f x )|x ∈ J} is a set of representatives of G-conjugacy classes of b-Brauer elements. The family {d (x, f x ) G |x ∈ J} induces a K-linear isomorphism CF(G, b, K) ∼ = x∈J CF p ′ (C G (x), f x , K) (see the last paragraph of [4, 4A] ).
The main idea of the following proposition is already included in the first sentence of [26, 1.6] .
Proposition 2.7. Keep the notation and the assumption of 2.5 and assume that P is abelian. Then the map I K ν : CF(G ′ , b ′ , K) → CF(G, b, K) is compatible with a local system {I T } {T (cyclic)⊂P } if and only if I K ν (λ * χ) = λ * I K ν (χ) for any χ ∈ CF(G ′ , b ′ , K) and any N G (P, f )-stable character λ of P , where * denotes the * -construction of characters due to Broué and Puig.
Before the proof, we remark that any ordinary character λ of P is N G (P, f )-stable if and only if it is N G ′ (P, f ′ )-stable, since the Brauer categories Br(P, f ) and Br(P, f ′ ) are isomorphic.
Proof. We assume that the map I ν is compatible with a local system {I T } {T (cyclic)⊂P } . For any b-Brauer element (u, f u ) and any χ ∈ CF(G, b, K), set χ (u, f u ) = (e (u, f u ) • d (u, f u ) )(χ). Let J be a set of representatives of orbits of the conjugation action of N G (P, f ) on P . Since P is abelian, {(x, f x )|x ∈ J} is a set of representatives of G-conjugacy classes of b-Brauer elements. Since the categories Br(P, f ) and Br(P, f ′ ) are isomorphic, {(x, f ′ x )|x ∈ J} is a set of representatives of orbits of the action of N G ′ (P, f ′ ) on the set of b ′ -Brauer elements contained in (P, f ′ ) and {(x, f ′ x )|x ∈ J} is also a set of representatives of the G ′ -conjugacy classes of b ′ -Brauer elements. For any χ ∈ CF(G ′ , b ′ , K), we have χ = x∈J χ
) ) = (λ * I K ν (χ)) (x, f x ) (see Lemma 2.6), we have
Conversely, we assume that I K ν (λ * χ) = λ * I K ν (χ) for any χ ∈ CF(G ′ , b ′ , K) and any N G (P, f )-stable character λ of P . Obviously N G (P, f ) acts on Irr(P ) and by Brauer's permutation Lemma, the number of orbits of the action of N G (P, f ) on Irr(P ) is equal to the cardinality of J. We list the orbit sums of the action of N G (P, f ) on Irr(P ) as λ j , where 1 ≤ j ≤ n and n = |J|. For any λ i and any χ ∈ Irr(G ′ , b ′ ), we have
) . The matrix (λ i (u)) is an invertible matrix, since Irr(P ) is a basis of CF(P, K). Denoting by (a iu ) the inverse of (λ i (u)), we have 2.7.1 χ
Combining the equalities 2.7.1 and 2.7.2, we have
For any u ∈ J, we denote by V (u, f u ) the image of the homomorphism e (u, f u ) . Obviously the set {χ
is equal to the sum u∈J V (u, f u ) since the family {d
, and the kernel of d
is equal to the sum
. By the equality 2.7.
and thus it maps the kernel of d
Lemma 2.8. Keep the notation and the assumption of 2.5 and assume that P is abelian. Assume that the map
Proof. Take x ∈ P . Since e
(the second equality is obtained by the equality 2.7.3), we have e
Since the homomorphisms e
2.9. Now we take an (OG, OG ′ )-bimodule M inducing a Morita equivalence between OGb and OG ′ b ′ . By [1, Theorem 2.1 and Exercise 4.5], the Morita equivalence induced by M induces an algebra isomorphism ρ :
such that for any a ∈ Z(OGb) and any a ′ ∈ Z(OG ′ b ′ ), a and a ′ correspond to each other if and only if am = ma ′ for any m ∈ M , where Z(OGb) and Z(OG ′ b ′ ) are the centers of the algebras OGb and O ′ G ′ b ′ . In order to consider the character of the bimodule M and basic Morita equivalences in Section 3, we also regard the module M as an O(G × G ′ )-bimodule by the equality (g, g ′−1 )m = gmg ′ for any g ∈ G, any g ′ ∈ G ′ and any m ∈ M . Let µ be the character of M . The
is a perfect isometry. By [4, Theorem 1.5], the perfect isometry I µ induces an algebra isomorphism
Lemma 2.10. Keep the notation above. The isomorphisms ρ and ρ ′ coincide.
Proof. Consider the extensions of the isomorphisms ρ and ρ ′ by the K-linearity
For any χ ∈ Irr(G), we denote by e χ the central primitive idempotent
We have e χ m = me χ ′ for any m ∈ M , and thus
is nonzero and I µ (χ ′ ) is equal to χ. On the other hand, by the proof of [4, Theorem 1.5] the isomorphism ρ ′K also sends e χ ′ onto e χ . So ρ ′K = ρ K .
Morita equivalences and the * -structure
In this section, we will prove that if two block algebras with abelian defect groups are basically Morita equivalent, then there is a Morita equivalence between the two corresponding block algebras inducing a perfect isometry compatible with a local system (see Proposition 3.6). In order to do that, we firstly recall the computation of generalized decomposition numbers in [25] .
3.1.
Throughout the section, all O-algebras and O-modules are O-free of finite O-rank. For any ring R, denote by R * the multiplicative group of R. Let G be a finite group. An O-algebra A is an interior G-algebra if there is a group homomorphism G → A * . The conjugation of G in A induces a group homomorphism G → Aut(A) so that A becomes a G-algebra, where Aut(A) denotes the automorphism group of the O-algebra A. For any subgroup H of G, we denote by A H the subalgebra of all H-fixed elements in the G-algebra A. A pointed group on A is a pair (H, α), where H is a subgroup of G and α is an (A H ) * -conjugacy class of primitive idempotents in A H . We often write (H, α) as H α , and say that α is a point of H on A. The pointed group H α is contained in another pointed group K β , denoted by H α ≤ K β , if H is a subgroup of K and there are i ∈ α and j ∈ β such that ji = ij = i.
3.2.
Let H and K be two subgroups of G such that K ≤ H. We denote by Tr 
where K runs over all proper subgroups of H, and denote by Br A H the canonical surjective algebra homomorphism from A H to A(H). If A(H) is not zero, then H has to be a p-subgroup. Clearly the inclusion G ⊂ OG endows OG an interior G-algebra structure. Let Q be a p-subgroup of G. Then the inclusion OC G (Q) ⊂ (OG) Q induces an algebra isomorphism (OG)(Q) ∼ = kC G (Q). We identify (OG)(Q) and kC G (Q) in the sequel.
3.3.
A pointed group H α on A is local if H is a p-subgroup of G and the image Br ) gives a bijection between the local points of H on A and the points of H on A(H). Let x be an element of G. We call x α a local pointed element if x α is a local pointed group on A. The local pointed element x α is contained in a pointed group K β if x α is contained in K β .
3.4. Now we consider the group algebra OG. Let b a block of G. Then {b} is a point of G on OG. Let x α be a local pointed element contained in the pointed group G {b} on OG, and take j ∈ α. Let χ ∈ Irr(G, b), afforded by a KG-module M . The product jM of j and M is an O u -module, whose character is denoted by χ α . Denote by P OG (x) the set of all α such that x α is a local pointed element on OG. By [25, Corollary 4.4] , for any p ′ -element s of C G (x), we have
If x α is not contained in G {b} , then χ α (x) is equal to 0.
3.5.
By [25, Theorem 1.2] , all maximal local pointed groups contained in G {b} are G-conjugate to each other. Let P γ be a maximal local pointed group contained in G {b} , choose i ∈ γ and set A γ = iAi. Obviously A γ is an O-algebra and admits a group homomorphism ψ : P → A * γ , u → ui. So A γ is an interior P -algebra. Such an interior P -algebra A γ is called a source algebra of the block algebra OGb. We say that the block algebras OGb and OG ′ b ′ are basically Morita equivalent if there is an O(G × G ′ )-module with endopermutation source, inducing a Morita equivalence between the block algebras OGb and OG ′ b ′ . In this case, such a Morita equivalence is called a basic Morita equivalence between OGb and OG ′ b ′ (see [22] ). 
Proof. Since OGb and OG ′ b ′ are basically Morita equivalent, by [22, Corollary 7.4 ] they have isomorphic defect groups. For convenience, we assume without loss of generality that b and b ′ have a common defect group P . By [22, 6.9 .3 and Corollary 7.4], there are maximal local pointed groups P γ on OGb and P γ ′ on OG ′ b ′ and an endopermutation OP -module N with vertex P , such that setting (OG) γ = i(OG)i and (OG ′ ) γ ′ = i ′ (OG ′ )i ′ for some i ∈ γ and some i ′ ∈ γ ′ , we have an interior P -algebra embedding
Explicitly, f is an injective O-algebra homomorphism, the image of f is equal to
, and f preserves interior P -algebra structures (which is an interior P -algebra homomorphism in the sense of [25, Definition 3.1]); the interior P -algebra structure on End O (N ) ⊗ O (OG ′ ) γ ′ is determined diagonally by the interior P -algebra structures on End O (N ) and (OG ′ ) γ ′ . We identify (OG) γ as its image through f , so that
Since OGb and OG ′ b ′ are basically Morita equivalent, (OG) γ and (OG ′ ) γ ′ have the same numbers of isomorphism classes of simple (OG) γ -and ( [29, Theorem 9.9] , the correspondence
gives a Morita equivalence between the categories of (OG ′ ) γ ′ -and (OG) γ -modules. By composing the Morita equivalences between OG ′ b ′ and (OG ′ ) γ ′ (see 3.5), between (OG ′ ) γ ′ and (OG) γ and between (OG) γ and OGb (see 3.5), we get a Morita equivalence Φ between OG ′ b ′ and OGb. Note that Φ may be different from the Morita equivalence Ψ between OG ′ b ′ and OGb in the assumption. For a K-algebra A, we denote by M(A) the set of isomorphism classes of simple A-modules. The purpose of constructing Φ is to get the following commutative diagram
where the vertical arrows are obtained by the correspondence 3.5.1 applied to OGb and OG ′ b ′ , the top arrow φ is induced by Φ and the bottom arrow is determined by the correspondence 3.6.2. The diagram is a consequence of the Morita equivalence Φ in the last paragraph. The bijection M(KG ′ b ′ ) → M(KGb) induced by Ψ may not make the above diagram commutative.
We say that a local pointed group Q δ on OG is associated to a Brauer pair (Q, g), if
and that a local pointed element u α is associated to a Brauer element (u, g) if the local pointed group u δ is associated to the Brauer pair ( u , g). Let (P, f ) and (P, f ′ ) be Brauer pairs, to which P γ and P γ ′ are associated. Let M be a simple KGb-module and χ its ordinary character. Let (u, h) be a Brauer element contained in (P, f ). Since P is abelian, any local pointed element u α associated to the Brauer element (u, h) is contained in P γ and conversely any local pointed element u α contained in P γ is associated to (u, h). By 3.4.1, we have
where P(u, h) denotes the set of all local pointed elements associated to the Brauer element (u, h). Let M ′ be a simple KG ′ b ′ -module corresponding to M under the bijection φ, and χ ′ its ordinary character. Let (u, h ′ ) be the Brauer pair contained in (P, f ′ ). Similarly, we have
Given u α ∈ P(u, h), by [29, Proposition 15 .1], the intersection α ∩ (OG) γ is still a local point of u on (OG) γ and the correspondence α → α ∩ (OG) γ gives a bijection between P(u, h) and the set of local points of u on (OG) γ . Through the bijection, we identify P(u, h) as a set of local pointed elements on (OG) γ . By [22, 7.6 .2] applied to the equality 3.6.1, we get a bijection
where u α and u α ′ correspond to each other if and only if there are j ∈ α and j ′ ∈ α ′ such that
where ℓ is a primitive idempotent in the unique local point of u on End O (N ). We are going to prove that
under the bijection, where ω denotes the character of the O u -module ℓ(N ).
Since the KG-module M and the KG ′ -module M ′ correspond to each other under the bijection φ, by the construction of Φ and 3.6.2, we have
We note that both j and j ′′ are inside α ∩ (OG) γ and thus that the idempotents j ′′ and j are conjugate in (
as O u -modules. Now, summarizing the above three isomorphisms, we conclude that the value of χ α at u is equal to the value at u of the character of the
is the direct sum of indecomposable O u -modules with vertex properly contained in u , its character has the value 0 at u, and the value at u of the character of the O u -module j(N ⊗ O i ′ M ) is equal to the value at u of the character of the O u -module ℓ(N ) ⊗ O i ′ M , which is equal to ω(u)(χ ′ ) α ′ (u). Until now, the equality 3.6.5 is proved.
The bijection Irr(G ′ , b ′ ) → Irr(G, b), χ ′ → χ induced by Φ can be extended to a perfect isometry
which sends ϕ α ′ onto ω(u)ϕ α if local pointed elements u α ∈ P(u, h) and u α ′ ∈ P(u, h ′ ) correspond under the bijection P(u, h) → P(u, h ′ ). By the equalities 3.6.3, 3.6.4 and 3.6.5 we have d
. In particular, I K ν is compatible with a local system {I u |u ∈ P }.
Reduction
In this section, we give several lemmas for the reduction of the proof of Theorem.
4.1. Let G be a finite group and b a block of G with maximal b-Brauer pair (P, f ). Obviously N G (P, f ) acts on the simple algebra k⊗ OZ(P ) OC G (P )f by the conjugation, where Z(P ) is the center of P . We denote byN G (P, f ) the set of all pairs (x, a x ), where x ∈ N G (P, f ) and a x is an invertible element of k
The image of k * is central inN G (P, f ), the image of C G (P ) is normal inN G (P, f ) and they intersect trivially. We identify k * and C G (P ) with their images through the two homomorphisms.
4.2.
In this section, we always assume that P is abelian and that the central extensionÊ
We say that a perfect isometry
is compatible with the * -structure if I ν (λ * χ) = λ * I ν (χ) for any χ ∈ Irr(K) and any N G (P, f )-stable character λ of P , and that a Morita equivalence between OGb and OK is a Morita equivalence compatible with the * -structure if the Morita equivalence induces a perfect isometry compatible with the * -structure.
4.3.
Let N be a normal subgroup of G and h a block of N covered by the block b. Let H be the stabilizer of h under the G-conjugation action. Then there is a suitable block e of H such that b = x xex −1 , where x runs over a set of representatives of left cosets of H in G, and such that ee x = 0 for any x ∈ G − H. The blocks b and e have common defect groups and the block algebra OGb is isomorphic to the induction Ind G H (OHe) of the block algebra OHe (see [29, §16] ). In particular, there is a Morita equivalence between the block algebras OGb and OHe induced by an indecomposable O(G × H)-module with trivial sources. We adjust the choice of P , so that P is also a defect group of the block e. By [22, 7.6 .5],Ê G (P, f ) is isomorphic toÊ H (P, f ′ ) as central extensions for some maximal e-Brauer pair (P, f ′ ). In particular, E G (P, f ) is isomorphic to E H (P, f ′ ). We identify E G (P, f ) and E H (P, f ′ ). Since the central extensionÊ G (P, f ) is assumed to split,Ê H (P, f ′ ) splits. Assume that there is a Morita equivalence between the algebras OHe and OK compatible with the * -structure. There is a Morita equivalence between the block algebras OGb and OK compatible with the * -structure.
Proof. Since there is a Morita equivalence between the block algebras OGb and OHe induced by an indecomposable O(G×H)-module with trivial sources, by Propositions 2.7 and 3.6, there is a Morita equivalence inducing a perfect isometry I ν : ZIrr(H, e) → ZIrr(G, b) such that I ν (λ * χ) = λ * I ν (χ) for any χ ∈ Irr(H, e) and any N G (P, f )-stable character of P . The composition of I ν and the perfect isometry induced by the Morita equivalence between OHe and OK is a perfect isometry compatible with the * -structure, which is induced by the composition of the latter Morita equivalence between OGb and OHe and the Morita equivalence between OHe and OK. By [22, 7.6 .5],Ê G (P, f ) is isomorphic toÊL(P, f ′ ) as central extensions for some maximal ℓ-Brauer pair (P, f ′ ). In particular, E G (P, f ) is isomorphic to EL(P, f ′ ). We identify E G (P, f ) and EL(P, f ′ ). Since the central extensionÊ G (P, f ) is assumed to split,ÊL(P, f ′ ) splits.
Lemma 4.6. Keep the notation and the assumptions in Lemma 4.5. Assume that there is a Morita equivalence between the algebras OLℓ and OK compatible with the * -structure. Then there is a Morita equivalence between the algebras OGb and OK compatible with the * -structure.
Proof. One can prove the lemma, using the same proof method for Lemma 4.4.
Extensions of Morita equivalences
In this section, we mainly give an extension of Morita equivalences compatible with the * -structure (see Proposition 5.9 below).
5.1.
Let G be a finite group, H a normal subgroup of G with p-power index, and b a G-stable block of H. Then b is also a block of G. We always assume that b as a block of G has abelian defect group P . Set Q = P ∩ H. By [13, Proposition 5.3] , Q is a defect group of the block b of H and G is equal to P H. Let (P, f ) be a maximal Brauer pair of the block b of G. Denote by T the subgroup of all E G (P, f )-fixed elements in P and by R the commutator [P, N G (P, f )]. We have P = T × R, R = [P, N H (P, f )] ⊂ H, and R is contained in Q. In particular, we have We label characters in Irr(K) as ζ j , j ∈ J, and choose a subset I ⊂ J, such that all these restrictions (ζ i ) L , i ∈ I, are exactly all characters in Irr(L). For any i ∈ I, set
Lemma 5.3. Keep the notation and the assumption of 5.1. Assume that I ν : ZIrr(K) → ZIrr(G, b) is a perfect isometry compatible with the * -structure. Then there is a perfect isometry I ν ′ : ZIrr(L) → ZIrr(H, b) compatible the * -structure such that the diagram
is commutative, where the two down arrows are determined by the restriction of characters. Moreover, ν ′ has a suitable extensionν ′ to (H × L)∆(P ) such that ν = Ind G×K (H×L)∆(P ) (ν ′ ). Proof. Since I ν : ZIrr(K) → ZIrr(G, b) is a perfect isometry compatible with the * -structure,
for any χ ∈ ZIrr(K) and any N G (P, f )-stable character λ of P . For any i, j ∈ I, there exist ǫ i , ǫ j ∈ {±1} and χ i , χ j ∈ Irr(G, b), such that ǫ i χ i = I ν (ζ i ) and ǫ j χ j = I ν (ζ j ). By Lemma 5.2, the restrictions ψ i and ψ j of χ i and χ j to H are irreducible. Suppose ψ i = ψ j for different i and j. Set S = T ∩ H. The quotient group G/H is naturally isomorphic to T /S. Through the isomorphism, any linear character λ of T with kernel containing S can be regarded as a character of G with kernel containing H. Since ψ i = ψ j , there exists a linear character λ of T with kernel containing S, such that χ i = χ j λ. Obviously λ is E G (P, f )-stable, and by [6, Corollary] χ j λ is equal to λ * χ j . By 5.3.2, λǫ j ζ j = ǫ i ζ i , ǫ i = ǫ j and ζ i = ζ j . Thus we have φ i = φ j . That contradicts the characters φ i and φ j being different for different i and j. On the other hand, denoting by Irr(T /S) the set of irreducible ordinary characters of T with kernel containing S, by 5.3.2, we have Irr(G, b) = {λχ i | i ∈ I; λ ∈ Irr(T /S)}. Therefore Irr(H, b) = {ψ i |i ∈ I}.
By 5.3.2, the perfect isometry I ν sends λζ i onto ǫ i λχ i for any i ∈ I and any λ ∈ Irr(T /S).
. Considering ν ′ as a generalized character on H ×L by restriction, the map I ν ′ : ZIrr(L) → ZIrr(H, b) sends φ i onto ǫ i ψ i for any i ∈ I and it is a bijective isometry. Moreover, it is trivial to see that I ν and I ν ′ satisfies the diagram 5.3.1. By the following lemma, the proof is done.
Lemma 5.4. Keep the notation and the assumptions in Lemma 5.3 and its proof. Then the map I ν ′ is a perfect isometry compatible with the * -structure.
Proof. Let (x, f x ) be a b-Brauer element contained in (P, f ). The pair (P, f ) is also a maximal b x -Brauer pair and the quotient group Assume that x lies in Q. Note that b x is a block of C H (x) with defect group Q. We set
Denote by Res
We claim that d
Indeed, it is easy to prove that the equalities
Res
where the first equality is obtained by 5.3.1, the second by 5.4.3, the third by 5.4.1, the fourth by 5.4.2 and the fifth by 5.4.3, the claim is done. Therefore I K ν ′ is compatible with a local system {I ′ x |x ∈ P } in the sense of [4, Definition 4.3] . By Proposition 2.7, I K ν ′ is compatible with the * -structure.
In order to prove that I ν ′ is a perfect isometry, by [4, Lemma 4.5] , it remains to prove that
be a perfect isometry compatible with the * -structure. Since any irreducible ordinary character of L is of the form φ×λ, where φ ∈ Irr(L ′ ) and λ ∈ Irr(T ′ ), we extend
Lemma 5.5. Keep the notation and the assumption as above. Then I ψ is a perfect isometry compatible with the * -structure, ψ = Ind
is commutative, where the downarrows are induced by the restriction of characters.
Proof. The last statement of the lemma is obvious. Since
it is easy to see ψ = Ind
. It remains to show that I ψ is a perfect isometry compatible with the * -structure.
Since any irreducible ordinary character of L is of the form φ × λ, where φ ∈ Irr(L ′ ) and λ ∈ Irr(T ′ ), there is an obvious group isomorphism
We identify ZIrr(L) and ZIrr(L ′ ) Z ZIrr(T ′ ) through the isomorphism. Since Q = R × T ′ , we also have a K-linear isomorphism
where 1 • Q denotes the unique irreducible Brauer character on Q. We identify CF p ′ (Q, K) and
With the identifications as above, we have 5.5.1
where Id ZIrr(T ′ ) is the identity map on ZIrr(T ′ ), and
for any x ∈ R and any u ∈ T ′ . On the other hand, since I ψ ′ is a perfect isometry compatible with the * -structure, by Proposition 2.7, for any x ∈ R, there is a K-linear map 
By Proposition 2.7, I ψ is compatible with the * -structure. Since I ψ ′ is a perfect isometry, by Lemma 2.8, 
where the downarrows are induced by the restriction of characters.
is a perfect isometry compatible with the * -structure and makes the following diagram commutative
where the two down arrows are determined by the restriction of characters.
. By Lemma 5.5 applied to I ψ ′ and the group L, the map I ψ ′′ : ZIrr(L) → ZIrr(L) is a perfect isometry compatible with the * -structure and the diagram
is commutative where the downarrows are induced by the restriction of characters.
. Similarly, the map I ψ ′′′ : ZIrr(K) → ZIrr(K) is a perfect isometry compatible with the * -structure and the diagram
. The restriction to L × L ofψ ′′ is equal to ψ ′′ and Ind K×K (L×L)∆(T ) (ψ ′′ ) is equal to ψ ′′′ . Moreover, I ψ ′′ and I ψ ′′′ are perfect isometries compatible with the * -structure and making the following diagram commutative
is commutative, where the downarrows are induced by the restriction of characters. Therefore, to extend I ψ to a perfect isometry from ZIrr(K) to itself compatible with the * -structure satisfying the diagram 5.6.1, is equivalent to extend the composition I ψ • I −1 ψ ′′ to a perfect isometry from ZIrr(K) to itself compatible with the * -structure satisfying the diagram 5.6.1.
We replace I ψ by the composition
In order to prove the claim, we take φ ′ to be 1 L ′ . Since the degree of φ is coprime to p, by [16, Theorem 5.16] , there is some u ∈ R − {1} such that φ(u) = 0. Note that C L (uv) = Q since E acts freely on R − {1}. For any v ∈ T ′ , since I ψ is a perfect isometry compatible with the * -structure, there is a K-linear isomorphism
Applying both sides of the equality to φ × 1 T ′ and
The claim is done. We set π = λ 1 L ′ and fix an extension ̟ of π to T . We extend I ψ to a Z-linear map Iψ : ZIrr(K) → ZIrr(K) sending φ × λ onto φ × ̟λ for any φ ∈ Irr(L ′ ) and any λ ∈ Irr(T ). It is trivial to verify that Iψ is a perfect isometry compatible with the * -structure, thatψ = Ind
, and that I ψ and Iψ satisfy the diagram 5.6.1.
Proposition 5.7. Keep the notation and the assumption of 5.1 and assume that E is cyclic and acts freely on R − {1} and that I ν ′ : ZIrr(L) → ZIrr(H, b) is a perfect isometry compatible with the * -structure. Then there is a suitable extensionν ′ of ν ′ to (H × L)∆(P ) such that setting ν = Ind G×K (H×L)∆(P ) (ν ′ ), the map I ν : ZIrr(K) → ZIrr(G, b) is a perfect isometry compatible with the * -structure and the diagram is commutative
where the down arrows are induced by the restriction of characters.
Proof. Denote by ℓ G (b) the number of isomorphism classes of simple modules in the block b of G.
. By [31, Theorem] , there is a perfect isometry ZIrr(K) → ZIrr(G, b) compatible with the * -structure. By Lemma 5.3, there is a perfect isometry I µ ′ : ZIrr(L) → ZIrr(H, b) compatible with the * -structure, µ = Ind G×K (H×L)∆(P ) (μ ′ ) for some extensionμ ′ of µ ′ to (H × L)∆(P ), and the diagram
is commutative, where the two down arrows are determined by the restriction of characters. Obviously I −1 µ ′ •I ν ′ is a perfect isometry compatible with the * -structure.
where the downarrows are induced by the restriction of characters. Now we compose I µ and I η and suppose I ν = I µ • I η . Then I ν is a perfect isometry compatible with the * -structure, and it makes commutative the diagram in the proposition. Notice that I ν uniquely determines I ν ′ . By Lemma 5.3, ν ′ has an extensionν ′ to (H × L)∆(P ) and ν = Ind G×K (H×L)∆(P ) (ν ′ ). 5.8. Assume that there are perfect isometries
, and such that I ν and I ν ′ make the following diagram commutative 5.8.1
where the downarrows are induced by the restrictions of characters. By [4, Theorem 1.5], the perfect isometries I ν and I ν ′ induce algebra isomorphisms π : Z(OL) ∼ = Z(OHb) and τ : Z(OK) ∼ = Z(OGb).
Obviously Z(OGb) and Z(OK) are P/Q-graded algebras with theū-components Z(OGb) ∩ OHu and Z(OK) ∩ OLu, whereū ∈ P/Q and u is a representative ofū in P .
Lemma 5.9. Keep the notation and the assumption of 5.8. Then τ is a P/Q-graded algebra isomorphism and π is the restriction of τ to the 1-components of Z(OGb) and Z(OK).
Proof. For any r ∈ Z(KGb) and any s ∈ Z(KK), denote by r(g) the class function on G such that r = g∈G r(g −1 )g, and by s(t) the class function on K such that s = t∈K s(t −1 )t. We
By [4, Theorem 1.5], the isomorphism τ maps r onto I • ν (rR • ν (b)) for any r ∈ Z(OK). Since ν = Ind G×K (H×L)∆(P ) (ν ′ ), it is trivial to prove that I • ν and R • ν are P/Q-graded linear maps and thus that τ is a P/Q-graded algebra isomorphism.
We extend the isomorphisms τ and π by the K-linearity, and get K-algebra isomorphisms τ K : Z(KK) ∼ = Z(KGb) and π K : Z(KL) ∼ = Z(KHb). Note that Z(KL) is the 1-component of Z(KK). Since τ K (Z(KL)) = Z(KGb) ∩ Z(KHb) and the algebras Z(KL) and Z(KHb) have the same K-dimension, we have τ K (Z(KL)) = Z(KHb).
Since P is abelian, by Lemma 5.2, any character χ ∈ Irr(H, b) is extendible to G. Consequently, for any χ ∈ Irr(H, b) and anyχ ∈ Irr(G, b),χ is an extension of χ if and only if e χ eχ = 0.
Fix χ ∈ Irr(L) andχ ∈ Irr(K) such thatχ is an extension of χ. Since e χ is primitive in Z(KL), τ K (e χ ) = e ϕ for a character ϕ ∈ Irr(H, b). By Proposition 5.7, the character µ ′ has a suitable extensionμ ′ to (H × L)∆(P ) such that setting µ = Ind G×K (H×L)∆(P ) (μ ′ ), the map I µ : ZIrr(K) → ZIrr(G, b) is a perfect isometry compatible with the * -structure and the diagram
is commutative, where the two down arrows are induced by the restrictions of characters. Since I µ ′ maps ordinary characters of L onto ordinary characters of H, by the diagram, I µ maps ordinary characters of K onto ordinary characters of G. In particular, µ is an ordinary character of G × K. The map I µ induces an algebra isomorphism
By Lemma 5.9, the isomorphism ς is a P/Q-graded algebra isomorphism and the restriction of ς to the 1-component of Z(OGb) coincides with σ. Since T is contained in Z(OK), for any t ∈ T , ς(t) is contained in thet-component of Z(OGb) and tζ(t −1 ) is inside OHb. The map ρ : T → (OHb) * , t → tς(t −1 ) is a group homomorphism. Now we extend the O(H × L)-module M to (H × L)∆(P ) by the equality (t, t) · m = ρ(t)m for any t ∈ T and any m ∈ M . We claim that such an extension is well defined. Since O(H × L)-module M induces the Morita equivalence between OHb and OL, by Lemma 2.10, we have σ(a)m = ma for any a ∈ Z(OL) and any m ∈ M . So for any t ∈ T ∩ H and any m ∈ M , we have
The claim is done. Now by [14 such that for any a ∈ Z(OGb) and any a ′ ∈ Z(OK), a and a ′ correspond to each other if and only if am = ma ′ for any m ∈M . We claim that ρ and ς are the same. For any a ∈ Z(OL) and any m ∈ M , we have
where a • is the image of a through the opposite ring isomorphism OL → OL sending x onto x −1 for any x ∈ L. So ρ(a) = σ(a) = ς(a). On the other hand, given t ∈ T and m ∈ M , we have
and thus (ς(t) ⊗ 1) ⊗ m = (1 ⊗ t −1 ) ⊗ m. So ρ maps t onto ς(t). Since Z(OK) = t∈T Z(OL)t, the claim is done. Finally, we claim that the character of Ind G×K (H×L)∆(P ) (M ) is equal to µ. In particular, the Morita equivalence between OGb and OK induced by Ind G×K (H×L)∆(P ) (M ) induces a perfect isometry compatible with the * -structure. Indeed, since the isomorphisms ρ and ς coincide with each other, setting ρ(e χ ) = e χ ′ for any χ ∈ Irr(K), by the proof of [4, Theorem 1.5], both µ and the character ofM are equal to the sum χ∈Irr(K) χ ′ × χ * . The claim is done.
Proof of the Theorem
In this section, we prove Theorem in the introduction. We borrow the notation and the assumption in Theorem. Note that p is 2 and that the defect group P is abelian. However, some results, such as Lemmas 6.2, 6.5 and 6.6, hold in general. Let (P, f ) be a maximal Brauer pair associated with the block b. The inertial quotient E G (P, f ) may be of order 1, 3, 7 or 21.
Lemma 6.1. Let n be a nilpotent block of a normal subgroup N of the group G covered by the block b, and set N ′ = N Z(G). Then there is a nilpotent block n ′ of N ′ covered by the block b.
Proof. We consider the group homomorphism N × Z(G) → N ′ , (x, y) → xy and the induced algebra homomorphism O(N × Z(G)) → ON ′ . Since the homomorphism O(N × Z(G)) → ON ′ maps n ⊗ 1 onto n, by the same proof method as that of Lemma 2.1, we prove that any block of N ′ covering n is the image of the block n ⊗ w of N × Z(G) for some suitable block w of Z(G), that its inertial quotient has order 1, and that it is nilpotent. Lemma 6.2. Assume that there is a finite groupG, such that G is normal inG andG has a nilpotent blockb covering b. Then OGb and ON G (P )c are basically Morita equivalent.
Proof. By the main theorem of [17] , the block b is inertial. That is to say, OGb and ON G (P )c are basically Morita equivalent. Lemma 6.3. Let G be a finite group and N a normal subgroup of G with index an odd prime. Let b be a block of G with defect group P , and n a G-stable block of N covered by b. Assume that P is Z 2 n × Z 2 n × Z 2 n , that the inertial quotient of the block b is of order 7 or 21 and that the block n is not nilpotent. Then the inertial quotient of the block n is of order 7 or 21.
Proof. Since N is a normal subgroup of G with index an odd prime and b covers n, P is also a defect group of n; moreover, we can choose a maximal n-Brauer pair (P, h) so that f covers h.
Suppose that N contains C G (P ). Then f = h, N N (P, h)/C N (P ) is a normal subgroup of N G (P, f )/C G (P ), and N N (P, h)/C N (P ) has order 7 or 21 since the block n is not nilpotent.
Suppose that N does not contain C G (P ) and that C G (P ) = C G (P, h), where C G (P, h) is the intersection of C G (P ) and the stabilizer N G (P, h) of (P, h) under the G-conjugation. Then h is a central idempotent in OC G (P ) and we have hf = f . For any x ∈ N G (P, f ), we have xhx −1 f = f , xhx −1 = h and x ∈ N G (P, h). So N G (P, f ) ≤ N G (P, h). Since the index of N in G is an odd prime and N does not contain C G (P ), G = N C G (P ) and N G (P, h) = N N (P, h)C G (P ). The inclusion N G (P, f ) ⊂ N G (P, h) induces an injective group homomorphism N G (P, f )/C G (P ) → N G (P, h)/C G (P ) ∼ = N N (P, h)/C N (P ).
This implies that the inertial quotient of the block n has order 7 or 21.
Suppose that N does not contain C G (P ) and that C G (P ) = C G (P, h). Since the index of N in G is an odd prime q, the index of C N (P ) in C G (P ) is q and C N (P ) = C G (P, h). That is to say, the stabilizer of h under the C G (P )-conjugation is C N (P ). Since f covers h, we have f = x∈I xhx −1 , where I is a complete set of representatives of C N (P ) in C G (P ) and xhx −1 h = 0 for any x ∈ I outside C N (P ). Obviously we have N G (P, h) ⊂ N G (P, f ). For any y ∈ N G (P, f ), there is z ∈ C G (P ) such that z −1 y centralizes h. So N G (P, f ) ⊂ N G (P, h)C G (P ) and then N G (P, f ) = N G (P, h)C G (P ). Now it is easily seen that the inclusion N N (P, h) ⊂ N G (P, f ) induces an injective group homomorphism N N (P, h)/C N (P ) → N G (P, f )/C G (P ), whose image is normal. So the inertial quotient of the block n has order 7 or 21.
Proposition 6.4. Assume that P is Z 2 n × Z 2 n × Z 2 n and that E G (P, f ) is of order 7 or 21. If n ≥ 2, then OGb and ON G (P )c are basically Morita equivalent.
Proof. Suppose that b is a block of G with defect group P and the inertial quotient of order 7 or 21, such that (|G : Z(G)|, |G|) is minimal in the lexicographic ordering and that OGb and ON G (P )c are not basically Morita equivalent. Then the block b has to be quasiprimitive. Suppose that O 2 (G) is not trivial. Set H = C G (O 2 (G)). Let h be a block of H covered by the block b. Then P is a defect group of the block h. Since C G (P ) ⊂ H, we may adjust the choice of h so that (P, f ) is a maximal Brauer pair of the block h. By [18, Proposition 15.10] , h is equal to b and the quotient group G/H is an odd group. The inertial quotient E H (P, f ) is a normal subgroup of E G (P, f ). Since E G (P, f ) is of order 7, E H (P, f ) is of order 1, or 7, or 21. Suppose that E H (P, f ) is of order 1. Then the block b of H is nilpotent and by [32, Theorem] , OGb and ON G (P )c are basically Morita equivalent. That contradicts the choice of the block b. Suppose that
Proof of Theorem
Note that O unnecessarily has characteristic 0 in Theorem. We divide the proof of Theorem into the characteristic zero case and characteristic nonzero case.
Firstly, we assume that O has characteristic 0. When E G (P, f ) is 1, the block b of G is nilpotent and Theorem is true (see [24] ). When E G (P, f ) is 7 or 21, n = m and Theorem follows from Proposition 6.4. When E G (P, f ) is 3, Theorem follows from Proposition 6.10.
Finally, we assume that O has characteristic p. The blocks b and c determine blocksb andc of kG and kN G (P ) with defect group P . By [28, Chapter II, Theorem 3], there is a complete discrete valuation ringÕ with characteristic 0 and with residue field k. The blocksb andc can be lifted to blocksb andc ofÕG andÕN G (P ) with defect group P . By [28, Chapter II, Proposition 3], without loss of generality, we may assume thatÕ contains a |G|-th primitive root of unity. By the last paragraph, the block algebrasÕGb andÕN G (P )c are Morita equivalent. So the block algebras kGb and kN G (P )c are Morita equivalent. Since O and k have the same characteristic p, by [28, Chapter II, Proposition 8], k can be identified with a subring of O. Moreover, it is easy to see that OGb and ON G (P )c are equal to O ⊗ k kGb and O ⊗ k kN G (P )c respectively. Therefore the block algebras OGb and ON G (P )c are Morita equivalent.
